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ABSTRACT: We provide a direct prescription for computing the mixing among gauge in-
variant operators in N’ = 4 SYM. Our approach is based on the action of the superalgebra
on the states of the theory and thus it can be also applied to resolve the mixing in the
dual string description. As an example, we focus on the supermultiplet containing the
BMN operators with two impurities. On the field theory side, we derive the leading planar
quantum corrections to the naive expression of the highest weight state. Then we use the
same prescription in the BMN limit of the AdSs x S° string theory and derive the form
of the 2-impurity highest weight state. The string expression matches nicely the SYM
result and provides a prediction for the mixing due to higher order quantum corrections in
field theory.
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1. Introduction

The operator mixing is an important aspect of any quantum field theory. In the N’ = 4
Super Yang-Mills theory the mixing of gauge invariant operators is strictly connected to
the superconformal properties of the theory. In fact, conformal symmetry puts strong con-
straints on the form of two and three point correlators. However, in concrete examples,
these constraints are satisfied only if the appropriate form of the operator is used. Actually,
as it has been extensively discussed in the literature [l -[f], this observation provides a con-
crete way to resolve the mixing and obtain an explicit expression for the true eigenstates of
the dilatation operator. One starts by computing correlators among a set of (classical) op-
erators with the same naive scaling dimension and the same quantum numbers. Requiring
that these correlators take the form dictated by conformal invariance implies a redefinition
(mixing) of the original naive basis for the set of operators considered. The most common
approach along these lines is to compute the 2-point functions among the states considered
and then look for an orthonormal basis.

N =4 SYM is characterized by two dimensionless parameters, the rank of the gauge
group N and the 't Hooft coupling A = ¢> N. Thus, we have two types of operator mixing:
that between single and multi trace operators governed by the 1/N expansion,! and the
mixing due to planar quantum corrections which can be perturbatively computed as a
series in v/A (of course, in general, the two types of corrections can combine and give terms

In the BPS sector the 2-point correlators do not receive quantum corrections and the conformal in-
variance yields less stringent constraints. In the context of the AdS/CFT correspondence, it is anyway
important to find an orthonormal basis for the BPS operator, which gives rise to an interesting combinato-
rial problem, see [E, E] and reference therein.



suppressed both by v\ and 1 /N). With the discovery of integrable structures in N' = 4
SYM [BJ], it was shown that, actually, the problem of diagonalizing the planar dilatation
operator is equivalent to finding the spectrum of the Hamiltonian of a quantum spin chain.
Nowadays, the complete Hamiltonian is known up to one loop (order g?) and Bethe Ansatz
techniques had been used to all orders in perturbation theory for particular subsectors.

In this paper we present a different approach to the operator mixing issue which
directly relies on the N = 4 superalgebra. We start from the well known statement that
each operator in a supermultiplet is annihilated by some of the (conformal) supercharges.
For instance, a non-BPS highest weight state O is annihilated by all superconformal charges
(S, S) and none of the standard supersymmetries (Q, Q). Schematically we have

[S,0(x=0)]=0, and [Q,O0(x=0)]#0. (1.1)

At the classical level, one can easily implement this requirement by using the standard
variations of the elementary fields composing the gauge invariant operator. The easiest
way to promote this approach to the quantum level is to study the Ward identities of the
supersymmetric currents. For instance, the first equation in (@) can be rewritten as

a%@“(y) O1(a1) O(0)) = —i (3501 (1) O(0)) 4y — 21). (1.2)

where S* is the current related to the conformal supercharge S, O is an arbitrary oper-
ator and [S,01] = O;. The fact that O is annihilated by S translates into the absence
in ([.2) of a term proportional to d(y). Of course ([.Z) must hold also beyond the tree-level
approximation and we show that the explicit computation of the quantum corrections can
be used to resolve the operator mixing.

In principle this approach can be applied to compute both the planar and the 1/N
corrections to the naive form of the non-BPS gauge invariant operators. However, in our
explicit example we focus only on the planar mixing; in particular we derive the leading
quantum corrections to the highest weight state of the supermultiplet studied in [[[(]. This
state is a generalization of the usual Konishi operator and has classical conformal dimension
J + 2 transforming in the [0, J,0] representation of the SU(4) R-symmetry. As it was
suggested in [, we find that, at order VA, the true highest weight state is a combination
of the naive form containing only scalar fields and a correction term with two fermion
impurities. This is reminiscent of the mixing discussed in [[L1] in the context of instanton
corrections, but is new from the quantum spin chain approach. As we will discuss at the
end of section B, this mixing between scalar and fermion impurities is not captured by
the one-loop Hamiltonian, even if it appears at order v/A. The situation is similar to the
single/double trace mixing discussed in [I, fij: the form of the operators at a certain order
in perturbation theory requires the knowledge of the dilatation operator at higher orders.

A nice feature of the method discussed here is that it can also be applied directly
on the string side of the AdS/CFT correspondence, thus shedding some light on how the
operator mixing is realized in the dual string description. There is a one-to-one map
between the field and the string theory superalgebra [[[J] and so we can look for the string
states that are annihilated by the same supercharges used in the field theory computation.



This approach provides a natural dictionary between the spectra of the two descriptions.
Of course, its implementation in the full type IIB superstring theory on AdSs x S° is
beyond reach right now. However, we can easily carry out this computation in the BMN
limit [[L3], where we focus only on states with a large U(1) R-charge J. In this limit,
type IIB string theory in the light cone is described by a free 2-dimensional world-sheet
Lagrangian and the expression of all supercharges is explicitly known [[[4], [[§]. We again
consider the sector of 2-impurity states and derive the highest weight state of the multiplet
in the free PP-wave string theory. The string expression matches the large J limit of the
perturbative SYM result and provides a prediction for the higher order quantum corrections
in field theory. However, the numerical agreement between the string and the field theory
results is somehow surprising. BMN string theory is a reliable approximation of the full
AdS5 x S° theory in the limit A\, J — oo, with % = ) fixed, which is far away from the
standard perturbative field theory (A < 1). We extend the string result at weak coupling
by supposing the validity of the BMN scaling. This is known to break down at four loops
in gauge theory [If]. Thus, it is unlikely that this numerical agreement between the large J
limit of the form of the operator and the small A behavior of the string expression survives
at higher loops.

The structure of the paper is the following. In section P we focus on free IIB string
theory in the BMN limit. We summarize how the superalgebra is realized and we use
it to build the highest weight states with two impurities. In the strong curvature limit,
one recovers the usual expression which contains only scalar impurities and is directly
connected to free SYM expression for the primary operators. The exact expression for the
string highest weight states involves also fermion and scalar impurities suggesting a precise
mixing pattern on the SYM side of the correspondence. In section [] we focus on the SYM
side of the correspondence. By studying the supersymmetric Ward identities we give a
perturbative derivation of the action of the supercharges up to order g on gauge invariant
operators with scalar fields. In [[7] this result was derived by using exclusively the SU(2|3)
subgroup of the V' = 4 symmetry algebra, together with just one dynamical input such as
the known anomalous dimension of the Konishi operator. The action of the supersymmetry
generators has been studied [[§, [J] also in the plane-wave matrix model in a spirit similar
to what is done in this paper. In section ] we compare the strong curvature expansion of
the two impurity string states derived in section f] against the 1-loop corrected field theory
highest weight states in the large J limit. The two results agree by using the standard
BMN/SYM dictionary and this suggests that at order g? the field theory primary operators
should contain also space-time derivatives. In the Conclusions we discuss some possible
developments where the results presented in this paper can play an important role. Two
appendices contain our conventions for the A/ = 4 SYM theory and all technical results
useful for the derivation discussed in section fJ.

2. Operator mixing in (BMN) string theory

Let us consider type IIB string theory on the maximal supersymmetric PP-wave back-
ground [R{]. In the light-cone gauge this theory is described by a free two dimensional



action. So upon quantization we have eight towers of bosonic and fermionic harmonic os-
cillators (an, bT) transforming in the vector and spinor representation respectively of the
SO(4) x SO(4) subgroup of the full SO(2,4) x SO(6) isometry group of AdSs x S° [[[4, [(7].
The physical spectrum is a subset of the Fock space generated by these creations operators
which consists of all states satisfying the level matching condition?

T|s)=0, with T= f: n [(bLb_n + bT_nbn) —i (aLa_n - aT_nanﬂ : (2.1)
n=1

where we suppressed all space-time indices that are contracted in the standard SO(4) x
SO(4) invariant way. The light-cone Hamiltonian is

e e}

1
H=—— Z W, [a an, + bTb] (2.2)
It
po! [pt| —
where w, = /n?+ (ua/pt)?2, p* is the light cone momentum of the state and p is the

parameter setting the curvature of the PP-wave background (in the following we will define,
as usual, a = o/p™). This background preserves 32 supercharges. Half of them are purely
kinematical and contain only the zero-mode oscillators

O = /2q| [e(a)]p—bo +P+bg} . O = /2 [P—bg te(@Pth|,  (2.3)

where P+ = (1 + I1)/2 and II is the appropriate 16 x 16 block of the matrix []5_, ¥,
where the index i’ is restricted to the flavor SO(4) C SO(6) and the I'’s (7’s ) indicate the
SO(1,9) (SO(8)) Gamma matrices respectively. The remaining sixteen supercharges are
dynamical and display a non-trivial dependence on po

Q- = e(a)\/g’y [ao (14 e(a)II) b;r) + e(a)ag (1 —e(a)I) bo] + (2.4)

Z Vny {aILPnb_n + e(a)a, P7bl + iaT_nPnbn — ie(a)a_nPn_le_n} ,

1
+\/ﬁ n=1
0 = \/; [e(a)ao (1~ (o)1) + a} (1 + e(a)IT) bo] +

\/]E Z vy [ PP tb, + e(oz)anPan_n 1aT_nPn Yy_, —ie(a)a_pP,b } ,

where e(a) = 1 if a > 0 while e(a) = —1 if & < 0 and

Wn — N 1
pn = — , Pl = (17 p,0D) . (2.5)

prev V102

The standard prescription [[[3] for building the dictionary between string and field

theory states is to identify the creation modes with the presence of “impurities” (i.e. fields

2We follow the notations of [@], with some small changes so to have a string theory supersymmetry
algebra that agrees with the field theory one following from the conventions of appendix



with A—J = 1) in the corresponding gauge theory operator. Thus the dictionary is usually
set-up at the level of the basic constituents (letters) by checking that they transform in the
same way under the SO(4) x SO(4) symmetry of the problem. For instance, the relation
between the gauge and string theory expression for the SO(4) x SO(4) singlet with two
scalar impurities is usually written as follows?

4 m™(2p + 3) b AB o d—p ! +i 4
Zcosﬁﬂ[{mBZ o877 — Y ol ol |a), (2.6)
p=0 i'=1

where |a) is the vacuum state of fixed light-cone momentum p* and ol (aT_n) are the
oscillators creating left (right) moving excitations on the string.*

Here we will follow a different approach to the construction of the field /string theory
dictionary. We first identify the supersymmetry generators in the two descriptions by
requiring that they satisfy the same algebra. Then, we derive the highest weight states of
the string and field theory algebra separately. The first entry of the dictionary between the
two spectra just consists in relating the two highest weight states. Then it is straightforward
to build the dictionary for the whole supermultiplet: we just need to act on the the highest
weight state in each description with supercharges that have been already identified. The
two approaches yield the same dictionary between the string and the field theory spectra
in the large pa limit. What is more surprising is that even the first subleading corrections
agree, as we will see in section [.

By comparing the string and field theory superalgebras, one obtains (for a > 0) the
following correspondence

Quaz12 < PTQT, Quaczs =P Q™, Q=2 P Q, Q4= P QT, (2.7)

where Q, and Q% are the standard gauge theory supercharges (A.1§), and Q*, QF are
the supersymmetry operators in the PP-wave string theory (R.3)-(R.4). In the BPS sector
a highest weight state is annihilated also by half of the transformations in (R.7). In fact,
on the field theory side the operator Tr [Z J ] is invariant under transformation generated
by @34 and Q"2 and the same is true for the corresponding string state |a). The other
sixteen string supercharges correspond to the superconformal symmetries of the gauge
theory description, see (|A.17)

SA=LE o PrQT, ST S PTQT, 5'?1:1,2 =P Q" 5?4:3,4 = PTQT . (2.8)
Thus any highest weight states should be annihilated by all operators in (B.§)
PTQ" |hws) = PTQ~ |hws) = P~Q~ |hws) = P~Q" |hws) =0 . (2.9)

Then it is clear that we should focus on the string states that do not contain any b(]; so that
they are annihilated by PTQ*1 and P~Q*. The conditions following from the remaining

3See appendix @ for our field theory conventions.
“In all other formulae of this paper we use the string field theory oscillators a,, which are related to the
Q-+ as follows: a4, = %(an Fia—n).



supercharges must be solved case by case: here we will consider the multiplets containing
the states with two string creation operators and show that the 2-impurity highest weight
states are not given simply by the eq. (B.6).

The first observation is that the string state in (R.4) is annihilated by the dynamical
supercharges in (B.§) only in the pa — oo limit. In fact, when we compute the P*
projections of the dynamical supercharges in (R.§), we have to separate the terms with a
Gamma matrix in the “flavor” SO(4) (indicated with an index ') from those with a Gamma
in the “space-time” SO(4) (indicated with 7). II commutes with % and anticommutes with
~4¢. Thus, for instance, in the case a > 0 we have that the string charges corresponding to

gA=34
n{ (2.10)

. y - _l . .
5 [a;Tan +id wa_n] Un? 47 [ Iprpt gl nP%L] U

are

PO~ = V2 [’y abP bl + 47 al T]P>+bo]

Sl

1

. . . _ . . . 1
Ly [a; Pb, —id" n]P"bH U2 4 [ajj]P"bn + ia’jnp—b_n] U? } :

1 - . . .
where Ul = 112“?; and the repeated indices are summed. It is interesting to consider

the form of the dynamical supercharges in the large pa limit. In this limit we have that
U, ~ n/(2ua), so the terms with Uy, 172" qominate over those with Up/? and the leading
contribution to (R:1() is schematically PTQ~ ~ 7'a'P~b! along the space-time directions
and PTQ~ ~ ~"a? TP*b along the flavor directions. This result can be matched directly
against the g — 0 form of the field theory superconformal transformation of appendix [A]:
S1(0) ~ Z(0) and SO0Z(0) ~ o1)(0), where again we have suppressed all numerical factors
and indices. In the same way, the large po limit of PTQ~ and P~Q~ agrees with the gauge
theory supersymmetry transformations at g = 0, as summarized by the dictionary (R.7).
Let us now consider the action of (R.10) on the string state in (R.6). It is clear that
the second term of the second line annihilates this state only in the large pa limit, showing
that it is not an exact highest weight state of the string superalgebra. This suggests that
also on the field theory side the operator in (P.4) is a superconformal primary only in the
gy m — 0 limit. On the string side it is clear how to modify the state in (2.6) so to find the
true highest state weight of the multiplet. We need to add a contribution which contains
two fermionic oscillators and is not annihilated by the first term of the second line in (2.10).
The coefficient is chosen to satisfy (B-9). By repeating the same procedure also for P~Q~,
one obtains that the 2-impurity states satisfying (R.9) exactly are
m atnaly + il at, + 20,80, 10, — U2 (afhal, + ol 0l )] oo,
(2.11)
where the overall normalization has been fixed in such a way that the state is normalized
to one: (n|n) = 1. The main feature of (R.11)) is the mixing between various types of
impurities. At leading order in the ua — oo expansion, we have only scalar impurities

n) =

(aT:L). The first corrections appear at order O(1/(ua)) and are quadratic in the fermionic



oscillators. According to the standard dictionary between the PP-wave and the field theory
parameters, this translates into a quantum correction of order ). At the next order
(O(1/(pa)?)) also vector impurities appear and we expect that the same pattern is present
also in field theory. Finally, let us stress again that, starting from the state in (R.11)), it is
tedious but straightforward to build the whole supermultiplet by using the supercharges

in ().
3. Operator mixing in field theory

The analysis of the previous section has shown that in general the string theory highest
weight states involve mixing between different kinds of impurities. It would be desirable
to see the same pattern appearing in perturbative field theory. In this section, we evalu-
ate the first correction to the classical form of the highest weight operator involving two
impurities and find perfect agreement, in the appropriate limit, with the string theory ex-
pression (R.11)). We follow the same approach discussed in the string theory context and
compute the form of the highest weight state by looking for field theory operators that
satisfy ([L1]).

As already mentioned in the previous section, the gauge theory supersymmetry trans-
formations at g = 0 agree with pua — oo limit of the superstring ones and the scalars are
annihilated by all S and S (A17). Thus any composite operator built solely from scalars
is a primary state at leading order, and the 2-impurity SYM primaries are the operators
already introduced in (B.4):

J 2 3
Oﬁlo)‘] Z Z 2p + 3) [ZinZiZJ_p] , (31)

-1 J+2

where the normalization Ny = N/(872) is fixed to have® (@ﬁ?"’(:s) (97(10)‘](0» = ((xz)%

Things change if one considers the full interacting quantum theory. In this case, most
of the aforementioned states are not annihilated by all the superconformal charges and the
true primaries are not built with scalar impurities only. For instance, at first order in g,
we have

. CgN _ =
S4®pc®Ppr(0) = —i % (GABC[DT/JE}(U) - GADE[ch}(0)> ; (3.2)

where EABC[DQZE} = %(EABCDTZJE — eapcpY¥p). If we restrict the indices to the SU(2|3)
sector, this expression agrees® with that of [[7]. Here we give a diagrammatic derivation of
this result that immediately leads to the SU(2,2[4) form of (B.J). The relevant field theory
diagrams are depicted in figures [I] and ], where the classical form of the superconformal
transformation is combined with a Yukawa coupling.

For sake of concreteness, let us focus on the action of S; on the scalar fields ZZ;; we
compute the 3-point function

(GHF = (S1() (@2)" (@) (220); (0)) (3:3)

5The factor of (_1)J+2 disappears after rotating to Euclidean spacetime.

50ne has to take into account that our supersymmetry algebra agrees with that of @], where the
(super)conformal generators S and K are normalized in a different way from [ﬂ]



Z zl 0 7 21 0

Figure 1: Diagrams contributing in the one loop calculation of (@) The solid lines denote scalar
propagators while the dashed ones fermion propagators.

Z a 0
1
Figure 2: This is the diagram contributing to (@)

and demand that it is compatible with (B.2). In equation (B.j) we have written explicitly
the free indices of the operators which are not scalars under the SU(N) color group. The
3-point function of (B.3) at order g receives contribution from the three terms in (A.I74).
In particular, the contributions related to the last and the penultimate term of ([A.17d)
are depicted in figure [I] and [ respectively. Finally, the contribution of the second term in
figure (A.17d) can be obtained from the diagrams of f] by remembering that there is an
additional derivative acting on the field Z;(y). By using the propagators and the vertices
summarized in the appendix[A], it is straightforward to see that the two diagrams of figure
yield the same integral. So we have

Ggl)u = —4V2A(y) 2—]\1 (—i2v/2) g/ d*z 2% afy’ﬁﬁjA(az —z) A 00s0n Ay — 2) aHe A(z).
(3.4)

Some comments are in order: the factor of 4y/2 comes from the current, of —i2\/§g is
due to the insertion of the Yukawa coupling and the last factor of 2 in the integral takes into
account the two diagrams in figure [ll, while the overall sign comes from the fermionic Wick
contractions. Finally, adopting the conventions in ([A.J), the color algebra gives, in the



large N limit, the factor %5}5;? . In formula (B.4) and in what follows we drop the tensorial
SU(N) structure, which is unnecessary for our computation, by defining the quantity G%
via the relation (G%)!f = G 6jok.

By using the integral (B.10) one obtains from (B.4):

1 YTy

Dp _ _ %676 o? ﬁfy
Gy = 29N A(y) o 0 5€ Toy 1m0 252z — ) (3.5)
The next step is to evaluate the diagram of figure . This gives
GO = 4gN . géa gn B A 07, B2 A 3.6
- gzgy 70 aﬁ [ (y)] U’y"y v (.’L’ - y) ( : )
_ gN — T QY o B"y v aT _
= 16:2° Y A(y) 7056 Ty INA(x—vy) .

The final ingredient we need is the contribution of the diagrams coming from the second
term of (JA.174). These give an expression very similar to that of the diagrams of figure [i}:

N . —Tao
= —2\/592—4 (—2V/21) y, 574 x
/d422i2 afﬂ;@jA(az —2) VP A(y — 2) agﬁ-/A(z)azﬁ.&“ﬁﬁ IA(y) . (3.7)

After some algebra and by using (B.1() one gets:

B _ —ua 3 1 YrTy v 5"y K
G5'" =2gNA(y)a D) 272z — g)? 05 € Gy - (3.8)
By comparing (B.§) to (B.§) one can see that they precisely cancel. We are now in position
to write the final expression for G%. This reads:

gN

2
Gy = G:()’ "= ~ 16n27

T UA(y) o €M ot LA — ) (3.9)

It is now straightforward to find the divergence of (B.9).

igN

167T2(5<4>( Y)eST o OEA(z) + ..., (3.10)

T4 O

Gy =

where the dots represent a term proportional to §(4) (x — y) of which we will make no use
in what follows. It is now straightforward to obtain the superconformal variation of the
operator ZZ1(0) with respect to S¢. By comparing (B.10) to

(8" (y) O1(x) 0(0)) = —id" (x — y) (6501 () O(0)) — 8" (y){O1(2) 6s0(0))  (3.11)

one gets:
- N -
S877, = 192 b (3.12)

When the scalars are in the opposite ordering Z;Z, then the action of S is the same but
for the overall sign: S¢ZZ; = —S{Z1Z. In fact from the form of the currents (A.17)
and of the Yukawa couplings ([A.9) it is clear that the diagrams contributing to this two



Figure 3: This diagram represent the classical variation (B.13).

cases always have a relative minus sign. Finally, when S; acts on scalar of the same flavor,
as in S{ZZ, there is an additional factor of 1/2, which again follows from the form of
the currents ([A.17). So finally, by using (B.13) and these observations, one arrives at the

result (B.2).

Of course, we can follow the same procedure in order to derive the classical varia-
tions. For instance, at leading order in g the action of a conformal supersymmetry on an
elementary fermion is given by the diagram in figure [| which yields

Sips = 4V2i®apdY (3.13)

where again all fields are at x = 0

An independent check on the coefficient of equation (B.J) can be performed via the
SU(2,2/4) algebra by using only the well known expression for the spin chain Hamiltonian
at order g% [BJ. If we act with the algebra on scalars of different flavour, at order g*

we have {QA‘j‘,S'g} = B (5§ 2H, with H = 982713[ (I —P). In particular, we can restrict
ourselves to

L . 2N
{Qla,sf}ZQZg - eaﬁi? (22, Z3). (3.14)

On the other hand, since the action of Q' on ZyZ3 is zero both at classical level and at
order g2, where it is forbidden by the SU.(4) symmetry, the left hand side of the previous
equation reduces to the action of Qldglﬁ on the pair of fields, which can be computed
via (B.9), giving exactly the right hand side of (B.14).

We can now use (B.2) and (B.13) to compute the first quantum correction to the highest
weight state (B.1]). Again for the sake of concreteness, let us focus on the superconformal
charge S;. By using (B.9) on the operator (B.]), one can see that the variations involving

— 10 —



7, yields

B J— 1J 1 _.
1gN /87r N T (2p + 3) coswn(2p+5)>Tr[ZlZpi/)?‘f‘ZJ_l_p],

J+3 J+3

(3.15)
where we have explicitly written one of the Ny factors, because the resulting operators has
only J + 1 fields, one less in comparison to the original operator (B.1). Eq. (B.17) can be
rewritten as follows

.g\/—NJl.WJZ:

) § JWNeY —1-p
oA iy s > Y[ 2, 29§ 27 P (3.16)

From (B.3) it is clear that the action of any (1-loop corrected) superconformal charge on
two identical scalar is trivial. The action of S; on the couple ZZ, yields similar terms
involving 4, instead of 3.

Exactly as it happened in the string theory computation, we can cancel these order g
contributions against the classical variation of a term containing two fermionic impurities,
but which is suppressed by an explicit factor of g. The result in (B.16) suggests to consider
the following form for the highest weight state

J23

O = J +3) Z Z WJQZJ?: Ane(z202277) (3.17)

+ [¢1azp¢§ZJ—1—p]

g\/ﬁsin ™ 5 JE: ™ 2p+4)
4 J+3 J+3 J+3

J 1J-
gl/ﬂ— ff?’ 75 Z mfﬁ; D1y [fazrgsz 1)
The coefficients in the second and third line have been fixed in order to satisfy ([L.1). In
fact, we have seen that there is a quantum contribution from the first line summarized
in (B.9), and there are classical contributions from the new terms summarized in (8.19).
If we keep focusing on S, (B.1§) summarizes the quantum contribution from the planar
action on the Z and Z; which is canceled by the classical variation of v, in the last
line. Similar computations show that this pattern applies also to the action of the other
conformal supercharges and to the action on the other (couple of) fields. Notice also that
the contribution of the boundary terms of (B.1)) (i.e. those with p = 0 and p = J) due to the
action of S; on Z;Z; and Z;Z; sum to zero. In fact, the diagrams involving respectively
the pairs Z;Z; and Z;Z; come with the same phase factor but opposite sign due to B2).
We close this section with some comments regarding the form of the primary operator
we have derived. Clearly the result () requires to have J > 1; if J = 0, then the
highest weight state is the standard Konishi operator and no mixing is present since it is
not possible to build other SU(4) scalars with the same free scaling dimension. A second
observation is that in the two-point function (O; O;) there is no overlap at one loop between
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the leading and the subleading term of (B.17). In fact the first possible diagram involves
three Yukawa couplings and therefore it is of order ¢g3. Thus, eq. (B.17) can be used as a
non trivial test for Hs, the cubic term of the Hamiltonian for the full P SU(2,2|4) theory,
which has not been computed yet. Hj should capture the mixing in (B.17) for p = 0. In
order to capture the terms with p > 1 one would need to compute the two-point function
(or the Hamiltonian) at higher orders in g. Moreover, in the large J limit the corrections
to the naive form of the primary, although present, do not alter the anomalous dimension
calculated in [R4]. This can be easily seen since any contribution to the 2-point correlator
of the primary coming from terms like (Tr [(biZl(biZ J _l] Tr [lel/JZ J _l_l]> should involve
both impurities and is thus suppressed in the large J limit. Also in the computation of
the 1-loop anomalous dimension, all the corrections terms in (B.J) can be neglected even
at finite J. Finally from (B.17) it is possible to derive the descendant operators , either
by the same method employed here for the primary, with the only difference that one
has to use the supersymmetry current instead of the superconformal one, or by using the
Konishi anomaly [f.

4. Comparison with the predictions from string theory

In section ] we saw that the mixing between scalar and fermion impurities in the N' = 4
SYM primary we considered mirrors exactly the patterns we found in the correspondent
string theory computation. Actually, if we expand the string theory highest weight state
in (R.11) in powers of (ua)~, the first subleading term, quadratic in the fermionic oscilla-
tors, matches exactly with the large J expansion of the second and third line in (8.17). In
particular, up to order /%a = VN, the string state (2.11]) becomes:

1 T i
n) = 7 [aTnaTn +al’ ol + VN (bT_n]P’+an - bT_n]P"an)] o). (41)

We can translate the bosonic and fermionic contributions of this formula into the corre-
sponding BMN operators. In this way, we can read from (f]]) a prediction for the BMN
limit of the first and second terms of the quantum corrected SYM highest weight operator.
Let us start from the term in ([L1) with the bosonic oscillator. According to the standard
PP-wave/BMN dictionary we have

1 v v v
- [aﬂnaﬂn + ol

y al,] o) = 007, (42)

n

where O,(LO)J is defined in (B.1]). The string state on the Lh.s. is normalized to one as it is
the tree-level 2-point function of the corresponding gauge theory operator
(_1)J+2

(O (2)0 (y)) = (@ — )27

(4.3)

The term with the fermionic oscillators in (§.1]) correspond to a gauge theory operator with
two spinors:

1 1 NIV mn(2p+2)
Z|pt +pt nJ _ = 0 : lamp, 2 J—p—1
5 [b —nPTh n} la) « O, s\ 711 pEZO sin =" Tr (' 2Py 2 | (4.4
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and the similar formula relates the P~ projection of the string state to a gauge theory
operator with the spinors 13 and 14. Also in this case the normalizations have been fixed
by requiring that the SYM tree-level 2-point function takes the canonical form (f.J) and
that the norm of the string state is one.

Then rewriting v\ = % we get that the gauge theory operator corresponding to
the string state ([L.1)) is:

N—J—2 _
(Og)) = J0+3 cos% Tv[Z:2PZ; 277 F)+ (4.5)

WNn /N - 1 2p+2) Yo ps2 o d—p1
J+1 ) —— Ty [yl zPyiZ 1+
J
g NTL Ny J=1 2p+2) = & J—p—1
T Tz

In the large J limit this result agrees with () derived in section (fJ) by using perturbative
field theory.

5. Conclusions

In this paper, we derived the expression of the two impurities highest weight state for
type 1IB string theory on the maximal supersymmetric PP-wave background. Our string
result is valid at tree-level, but is exact in pua. Moreover, we used the superconformal
properties of N'=4 SYM to derive the two-impurity highest weight state of the SU(2,2|4)
superconformal algebra at finite J and up to the order g. In both cases, the naive form
of the state is corrected by a term containing two fermionic impurities. Then we showed
that the large-J limit of the gauge theory highest weight state matches with the strong
curvature expansion of the string state to the same order in perturbation theory. This
precise agreement is partially unexpected, as the BMN string theory is valid in the limit
A\, J — oo with X fixed, while perturbative gauge theory computations require A < 1. We
do not know any clear reason why these two different scaling limits should match exactly.
However this happens for the planar anomalous dimensions up to order g% [R5, Rd]. From
our results it follows that also the form of the operators, not just their dilatation eigenvalue,
matches up to order g.

It would be certainly interesting to check whether the agreement between the string
and the field theory highest weight states survives at the next order O(g?). In order
to check this, one would need to know more about the quantum corrected form of the
conformal supercharges. This can done by following the approach discussed in section
and by deriving the quantum corrected action of the S and S on fermion and vector fields.
For instance, there will be certainly a contribution of the form S¢® ~ @®. This will
induce on the field theory side the same pattern we have seen in section P and thus we
expect that, at the order g2, also derivative impurities appear in the explicit form of the
field theory highest weight state. On the other hand our field theory result is exact in
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J. It would be interesting to consider the subleading corrections in the large-J limit.
These should be captured by the near-BMN limit of the AdS5 x S° string theory which
has been thoroughly studied [BZ. In particular, the form of the string supercharges in
the near-BMN limit is known in the literature [BJ. Taking into account these corrections
on the string side would allow another comparison with our gauge theory result. Another
possible extension of the approach proposed here is to consider the non-planar action of the
conformal supercharges. It would be interesting to see whether this is sufficient to reproduce
the 1/N mixing obtained in [f], fi] by using the standard approach of the orthonormalization
of the 2-point correlators.

As pointed out in section f], the corrections we derived to the field theory operators
are not needed in the computation of the O(g?) anomalous dimensions and also can be
neglected in the BMN limit at all orders. However, we expect that they play a crucial role
in the computation of three and higher point correlators. It would be certainly interesting
to see this in some explicit examples. This would provide a systematic basis to study
the correspondence between BMN string theory and gauge theory in presence of fermionic
impurities and generalize the results of [27, Bg].
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A. N =4 SYM conventions

The Lagrangian and the supersymmetry variations of the four dimensional N' = 4 SYM
can be derived by dimensional reduction from the ten dimensional N =1 SYM theory [R9.
Here we recall the main steps of this derivation mainly with the aim of setting up some
notations that are useful for building the dictionary between BMN string states and gauge
theory operators.

The ten-dimensional action is

1 _
S10 = /lexTr |:—§FMNFMN +i)\FMDM)\] (A.1)

We adopt the “mostly-minus” metric (+,—,...,—) and the following conventions for the
gauge group generators:

6ab a b - raberc a\i a\k 1 BN 1zk
5 [T,T} = ifetere, (T = 5 (016F - o] (A.2)

A useful representation of the the ten dimensional Gamma matrices with mostly minus

Te[T°T%] =

signature is

=130, I'?=d'eyey , I'=-0’aq ey, (A.3)
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where 1, is the n x n identity matrix, the v#’s are the standard four dimensional gamma
matrices in the Weyl representation

3
0 ot . . —-10
w=<5u 0) and 75=1H7”=<0 1>, (A4)
Jj=0

with 00 = 6% = 1, is, while 0 = —&* are the standard Pauli matrices.
The o-matrices satisfy the following relation:

Tac O3 e = —peqs + 2005 (A.5)

ad

where we have defined agg =1 <0“ agﬁ- — Oy 0;6) e‘m, and €12 = €2 = 1.

Finally °, 7' are the 't Hooft matrices

Map = 0ia0Ba — 68044 + €iapa, (A.6a)

Map = 6iA0Bs — 0iB6As — €iABA, (A.6b)

which satisfy n'n? = —6914 — €7%p* and 7'/ = —591, + €9FqF,

In this representation we have I''! = 03 ® 1, ® v°. The gaugino of the ten dimensional
theory ) is a Majorana-Weyl spinor (I'"'\ = \) which, with the conventions above can be
express in term of the four Weyl plus four anti-Weyl spinors of the four dimensional theory,
Y2 and 1,52{ respectively:

)\t = [(071;?{1:1) Yty (071[}%:4) ) (wé?:lvo) Yty (wé?:l,())] 5 (A?)

The action of the chirality matrix gives v°(0,%) = (0,4%) and +° ! ()4, 0) = (¢, 0).
The index A rotates into representations of the internal SU(4) R-symmetry of the four
dimensional N’ = 4 SYM theory. In particular, the Weyl spinor 14 transform in the fun-
damental representation, while their conjugates 1/?% transform in the antifundamental one.
The six scalar fields arising from the internal components of the gauge field can be or-
ganized into the components ® 45 of a tensor in the antisymmetric representation of SU(4):

3
1 . . P
Dpp =72 [Aj+377343 + 1Aj+6?7i;3] : (A.8)
2v2 =
With these conventions, the dimensionally reduced Lagrangian is

ax

1 .
L=Tr| = 5FuF" +2D,® ApDFOAB 1 2 Aat (D, b))+

29 [@45, 0P [ 45, Dep] — 92V2 ([0, ®ap| Y8 — [Pan, P 0%) | (A9)

where the scalar fields with upper indices ®4Z are defined as follow:
1
4B = 5eABCD<1>CD = dYp, (A.10)
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and the covariant derivative is D, ¢ = 0,0 — ig[A,, ¢].
Out of (A.9) we read the Minkowskian free scalar propagator:

(Z8(x) Z(y)) = 600y Oplgy = —id*(z —y) (A.11)
and the free fermionic one:

Wa(@)lp(y)) = 16005000500 = (P3(2)0"(y)) = 16°°055" “T5 Ay,
(A.12)
—m, and the o-matrices are defined after formula ([A.4)).
The 10D supersymmetry transformation, 6Ay; = €Ty and oA = %[I‘M,I‘N]FMN&
decompose as follows:

g = [(6aA:170) PR (6aA:470) ) (ngdAZI) Y (OygdA:4)]

where A,y =

dPap = % leaBep €9°0E — Eaath + Epati] (A.13a)
Sps = ot P g PP 4 220" €5 D, @AP — dig [24C, Do) €8 (A.13b)
605G =G — 235 B Dy — dig [Dac, 7] & (A.13¢)
§A, =1(0paal™ % + 70aatrd) (A.13d)

The supercurrent associated to the invariance of the ten-dimensional theory under
supersymmetry transformations is:

QM = % [T, DN Tr[FpnTMA], M =0,...,9 (A.14)

After dimensional reduction to D = 4, we get the following supersymmetric current
for N =4 SYM:

Q" =" [(@haz1:0) - (Qhacys 0), (0, Q1471 L (0, @QF4TY)] (A.15)
with
Q"oa = 2AT[(0™)oF ol Bz/?ﬁ +2V2D,0 g0l 5" Pyl — dig(®ac, 9Pt ]
(A.16a)
QU = 2T [(57) Fpu 0" PP — 212D, 04P 578 6.1/31@ — 4ig[®4Y, ¢ platp]]
(A.16b)

On the other hand, the current associated to the superconformal transformations are
obtained first by replacing, in the supersymmetry variation of a field, the supersymmetry
parameters &4 and €54 with ixuﬁﬂ‘j‘aé‘f and iz,0t . (S respectively, and then adding
all possible z-independent terms with the same mass dimension and the same quantum
numbers which are compatible with the superconformal algebra [BQ]. Out of this process,
we get the following superconformal currents:

S = 20,(67 ) Tx [(07) A s 04 + 22D, B apo’ ;5 P +

— dig [Dac, @8] o 5] + 8V2Tx[0an() pE], (A1Ta)
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St = 20,055 T [0 )5 F 7 PP — 2V2D, P50 00k i+
— 4ig[®4C, dopla Pyl — 8V2T[¢pAP o d%]  (A.17h)
where the coefficients of the last terms have been fixed by requiring that 9,S* = 0 and

9,S" = 0 on-shell.
We refer to section 3 of [RJ for the four-dimensional superconformal algebra closed by

the charges associated to the currents in (JA.15) and ([A.17), together with the generator of

the conformal algebra in four dimensions.
At this point it is straightforward also to make contact with the A/ = 1 formalism
where the scalars are arranged into three complex fields

Z; = (Ai+3 + iAi+6)/\/§ (A18)
P —EZ d —EZ d —EZ d ——17 d —17 P —17
14—2 1, 24—2 2 34—2 3 13 — 2 2, 23—2 1, 12—2 3-

We select the U(1) € SU(4) which rotates Zs = Z as the BMN U(1). In order to see the
fate of the various spinors in the BMN limit, it is convenient to compute their charges under
the Cartan generators (J ésl), Jéz), Jé?), with J é‘? = il F30*6 ) that rotate the complex
scalars (Z1, Zs, Z3)

S (A (D) e () v ()

(A.19)
Of course 14 has the opposite assignments. The supersymmetries Q A=1,2 have the same
chirality both in in the space-time and in the Z;, Z5 directions and they correspond in the
PP-wave string theory to the kinematical generators PTQ™ /2. Similarly the supersymme-
tries Q%4=34 correspond in to the other kinematical generators P~ Q™ /2. This assignment
is also consistent with the fact that these supersymmetries act non-trivially on Z3 and
thus generate the BPS multiplet starting from the operator Tr [Z J ] in field theory or the
vacuum state |pT) in the string theory language. The other supersymmetry variations
have opposite chirality in the space-time and in the internal Z;, Zs plane and thus must
correspond to the dynamical supercharges @~ and Q.

B. A useful integral

The computation of the one-loop correlators in section ] involve the following integration
(let us remember that o# = (12,aép)),i =1,2,3):

: 1 1 1
IM(z1; 29, x3) ia“-a”-eo‘ﬁ/d4:ﬂ( o a3

=488 o= o (o= (a o)
. v3 L12pT13v
= —idnlo!, oV WP E 0 (B.1)
GATAET afyriyad

The last identity follows by first analytically continuing the integral to Euclidean space-
time, and then computing separately the symmetric and antisymmetric components in the
spacetime indices. The computation of the symmetric part is straightforward, while the
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antisymmetric one is evaluated by connecting it to another conformal integral, this time in
d = 6 (Euclidean) dimensions [B1]]:

1 . 1

Is(y1,y2,y3) = /dﬁy [ =71 (B.2)
(1 —v)? (y2 — y)? (y3 — y)? Yia Yi3 Y53
Introducing 29, = —iz?},, we can rewrite (B.])) as
IM(azl;azg,xg) = — 105 00 -ed‘ﬁ/ d*z L or2 L ors L
E)edim o g~ " (e — )2 (e — )2 " (23— 2)?

= —io(p, ada(%) Bﬁedﬁlgn(azl; x2,3) (B.3)

where we have defined o) = (iagp), —.12),j =1,2,3.
. /3 _ .
Remembering that 0(7}}) ada(%) 3 ﬁ-eo‘ = 5m"eag+2ag"bﬁ", we can decompose the integral

into its symmetric plus antisymmetric part. The symmetric part has been computed in [R§],

the result being §™"IE (21;29,23) = 4772%. The antisymmetric one can be
12¥13%23

evaluated via a comparison with the integral in equation (B.9), after writing both of them

in term of Schwinger parameters. We get:

3
&0 doy; oy 2
6 i — > ai(yi—y)
I /d y/o <I | T(2) )e , (B.4)

i=1

which, after the Gaussian integration over y and after introducing the new integra-
tion variables
o Q5 . .
ai:%, i=1,2,3, with T:Zai (B.5)
(2

can be rewritten as:
0o 1 . . 9
I= 773/ dT T2/ ] dé é: 5d<1 — Z@i>e—TZz—<j Qic g (B.6)
0 0 i i

On the other hand, in term of Schwinger parameters I, fn ] (z1; z2,x3) becomes:

Bg(orizsa) = [ duogo [ doge Seteror, (B.7)
0

[m

The integrand can be simplified by taking the derivatives and exploiting the antisymme-
try in the spacetime indices. Then, performing the change of variables in (B.§) and the
Gaussian integration over x™ we get:

00 1 3 o
I (w1 0, 3) = 47T23312[mx13n]/ dTTZ/ (H dé; m) 6d<1—z di>e_TZi<J‘ Gidg ;.
0 0 \i=1

i

(B.8)
The direct comparison between (B.§) and (B.€) shows immediately:
1 Z12[m13

I (@1 0, 3) = —Lo(y1,y2,y3)ly2 202 = 47T2W (B.9)
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Putting together the result in (B.9) together with the symmetric part computed before,

and rotating back the result to Minkowskian space-time we finally get:

. 28 L1213
M (21520, 23) = —1471'20'50-[0566&5% (B.10)
T12T73T23
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